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Outline:

1. Study classical YM using the Coulomb gauge;

2. Study the operator P8 and

?

3. Spacetime manifold M: Compact, Riemannian, with-
out boundary, dim(M) = 4 = discrete spectrum for
the Laplacian;

4. P: operator-valued function of the Laplacian. Ob-
tain a Cauchy integral representation = exact eval-
uation of its mean value on £L2(M)Y: &

5. Residue’'s theorem = mean value vanishes exactly.

§To be defined.
TL2(M) = [, 14]° < oo; V test function ¢.



Connection with Cosmology

e Topology of Spacetime: property of M —
determines the form of the Laplace-Beltrami oper-
ator:

1
DMJC(UUM) — DN[(‘?“ f(xu)] — % 8AL {\/§ o* [f(xu)]}
e Robertson-Walker metric

dr > 2, 2 D >
er—I—T do< 4 r< sin<(0) d¢~* ¢ ,

—d02

dr? = dt? — R?(t) {1

where R(t) is known as: cosmic scale factor.

e k= —1: infinite/open space, with boundary, cannot
be compact (hyperbolic space/geometry);

e k= 0: infinite/open space, with boundary, cannot
be compact (parabolic space/geometry, e.qg.
Minkowski); &



e k= +1: finite/closed space, can/cannot have
boundaries, only one that can possibly be compact
(spheric space/geometry).

Hiperbolical: open, K=—1

Parabolical: open, K=0

Spherical: closed, K=+1



Much progress towards the theoretical understand-
ing of gauge theories;

Some unsolved problems remain, e.g., the mass gap
problem:;

Mass Gap problem: prove that, V compact, simple
gauge group = Quantum Yang-Mills on R* has a
Hamiltonian with no spectrum in the interval (0,9),
o > 0;

Thus, suffices = H, corresponding to the action
S = —% Iy tr(Fup FH*7), has energy spectrum boun-
ded from below, with a strictly positive lower bound,

(8).



“Why is it important?’ ©

1. Internal consistency of the formalism (Standard Mo-
del);

2. Short-range of the nuclear force;

3. Phenomenology of glueballs can be described by an
action of the YM type; etc...



e T he phenomenology of the Standard Model is de-
scribed by YM = study the problem in 4 dimensions.

e Consider the YM Lagrangian in the Coulomb gauge,
with the associated decomposition into “electric”
and “magnetic’ parts. Coulomb gauge: non-cov-
ariant but, manifestly unitary.

6-1



Coulomb-Gauge Hamiltonian

YM Lagrangian = expressed in terms of “electric’ and
“magnetic’ fields:

—

. dA; L d - 1 _
87; = — dtz — (Vz —I- gAZ'X)AO = —aAz —I— gﬂzw
where:
fp= -2
g

The notation is as follows: 4,4,k are space indexes, (7)
is a vector in the inner space and “x" is the (iso)vector
product (vector product in the inner space). We are
using the summation convention and, the inner product
in the inner space is given by the trace.



Let’'s use ijfj — 0 and decompose gi:

Ei=E& — Vi

. d - B L
& = — At (6ij — V2V, V) (A) x &)
L ViEE =0

¢ = Ag+ gV 2(A; x VjAp) .
Since Digi = 0 (no sources) =

3tr 1
Nt = —¢&;

— — 1 -
—A; x &+ ;ViDigb =0

= ¢=g (Vker)_l A; x é} = —g (Vka)_l A, % ﬁ;;r .

o= [(E?+Vid)? + (B)?) d




H: further simplified by means of our result for cE and
the identity and definition below:

(Vi) (Vip) = Vi(¢Vid) + 6(—V3) o

G4 = A; x O charge carried by A;

1 1

Classical Hamiltonian:

w3 [+ )]+

92
+ ) /Jj‘fl(a:) Pz, 2 0?4(:1:’) d3zd3z’

where,

Py = (VDD (=V?) (v; D)

Convenient way of expressing V;D;: V = V,(A;x) =
A xV;, = VD, =V24+49V =

(VD) t=(V2+gV) 1
=V 21 -gVV 24+ (gVV ?)2+0(g3)
=V 2_gV2VV 24
+9°V PV VTPV VT2 4+ 0(6%)



- algorithm for P:
P=-V24+29gV 2VV 2-3¢°V 2VV2VV 24...

= -V2+ Y DM+ 1) V(v VTR
k=1

In the Quantum Theory:

e un-renormalized coupling constant. go;
e Faddeev-Popov determinant: v = det(V,D;); &

e Equal-time commutation relations:
(At ), AUt y) | = 0= N9t 2), M0 y) |
LAYt 2), Ny (L y) | = i6%(85, — VT2V, V)6% (@ — v)

e Hamiltonian operator in the Coulomb gauge:
A1 1L A/l =
H—§/ [(W M ,Vﬂi)+(3z‘73zﬂ+

2
+ %0 / v 1o%(2)] PP (x, ') [yol(«))] d3xd3s’ .
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Perturbative Structure of ?

e Spectrum of H: define the Laplacian to be —V =
A = L, bounded from below (A~1=L"1=1) =

:»?—i+§(k+1) P (1Y
N T a\a)

e V compact, Riemannian manifold (M) without bound-
ary = discrete spectral resolution of A: complete,
orthonormal set of eigenvectors u;, eigenvalues \;:
Au;p = \ug, N\ > g eR, VIieN.

o Left/right inverse: LI'=TL=1 =
M (Lu) =T (Nu) =y
1

. I_ul = — 1

and
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V¢E£2(M)E{¢ZE—>M‘/M |¢|2<oo},

where E can be R*, .# (Minkowski space), etc...
Consider two cases:

A A A N A A AT TN

Let ¢; be the Fourier coefficients: cp = (qb, u;), then

X ¢ V
Pop=> 2 1—|—Z(k—|—1) AS R
=1 )‘l )\l

Redefining
gV
le—
Al
= |wl|<1
oo
= Po= > o .

uj
=1 gV (1 - wl>2
VY |w] € (0,1) =

{u;}: forms an orthonormal set

7 N\

(6,79) = 2 Cﬂ;\zq | (um’(l —ulwz)2>

[m=1

>
=]

B Z T (1 —w)?
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2. V. e %, (smooth function of position):

More careful handling = basically the same result
as above plus a correction given by an infinite sum
involving commutators of the integral operator [
with V (Baker-Campbell-Hausdorff formula), e.g.:

1%
(Vl‘)zul:VQ |_2’UJZ+>\—Z [F,V] uy .
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Exact, non-perturbative, analysis of

e g is not small, P is defined (as before) by
P=(A—gV) A L=-—gV). (1)

e Analysis for arbitrary g: desirable once our previous
result leads to cumbersome formulae = no conclu-
sions can be drawn.

e P: operator-valued function of A = P = f(4A) =
Cauchy integral formula (definition of the above ):

_ 1 f(u)
9)—JC(A)—% . (A—,u]l)d'u

1 7 1
=—.]§ dp
21i Ja (u—g V)2 (A —pl)

where « is a curve (smooth) in the C (Argand-
)plane that goes around the discrete spectrum of
A (bounded from below).

14



o Vo€ L2(M):

©.@)

B cr ey 1 1
(670 = 2 5 (ur’ [7{1 (h=9gV)2 (& —pl) du] ul> |

[,r=1

e Study the action of the resolvent, (A — 1)~ 1, on
the eigenvalues of the Laplacian:

=1
(A = p1)™H(A = pl) up =y
=N —p) (A& —p1) ty

(A= p) = (O — )y

= (0P = 3 - (urxw)
[,r=1 T
X = ih(u) dp
U

h(p) =

(b—gV)2(N —p)
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e Poles: h(u) has one 2nd-order pole u; = gV and
one 1st-order pole up = A\; = Residue’s Theorem:

x = 2mi |Res(h(1))]=gv + Res(h(1))|u=x,

— il tim L a2 0
— [uln;V dp <(M 9v) (p—gV)2 (N — u>>+
- B 7
+ ulmz ((u M) (1 —gV)2 (N — M)]
— o 1 gV B Al
—c [(Az —gV) i (A —gV)? (N — gV)2]
x =0

e Thus, (¢,Po) =0, Vg, for M compact and with no
boundary!
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Comments

e Original contribution: use of the discrete spectral
resolution and the resolvent of the Laplacian; &

e Exact, non-perturbative result: (¢,P¢p) = 0, Vo €
L2(MW).

Problems

1. Change the compact, 4-d Riemannian manifold,
without boundary by a Lorentzian 4-manifold (e.qg.:
Minkowski) = “decompactification limit”"; &

2. Make the gauge group’s role manifest.
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